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Decays of the mesonBc to a P-wave charmonium statexc or hc
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The decays of the mesonBc to aP-wave charmonium statexc or hc „herexc andhc denote (cc̄@3PJ#) and

(cc̄@1P1#), respectively…, the semileptonic onesBc→xc(hc)1 l 1n l , and the two-body nonleptonic onesBc

→xc(hc)1h (h indicates a meson! are computed. To properly deal with the recoil effects, which may be
relativistic in the decays, in the computation the framework of a heavy quark model, which is based on the
Bethe-Salpeter equation and QCD inspired potential, is adopted. We find that all the decay rates are quite
sizable and under reasonable approximations, all of the form factors occurring in the decays can be formulated
precisely by means of proper kinematics factors and two independent overlapping integrations of the wave
functions. As a result, the decays will be accessible at the CERN Large Hadron Collider and in run II at the
Fermilab Tevatron in the foreseeable future. In particular, the cascade decays, i.e.,Bc→xc@

3P1,2#1 l 1n l(Bc

→xc@
3P1,2#1h) andxc@

3P1,2#→J/c1g, being followed accordingly, may affect the observations of theBc

meson through the decaysBc→J/c1 l 1n l (Bc→J/c1h) substantially, and the decaysBc→hc1••• may be
used as a fresh window experimentally to observe thehc state potentially.

DOI: 10.1103/PhysRevD.65.014017 PACS number~s!: 13.20.He, 13.25.Hw, 14.40.Lb, 14.40.Nd
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I. INTRODUCTION

The mesonBc(B̄c) has successfully observed recent
The first positive observation of it is by the Collider Detect
at Fermilab~CDF! at the Tevatron, through its semilepton

decaysBc(B̄c)→J/c1 l̄ ( l )1n l( n̄ l) @1#. According to obser-
vations, its massmBc

56.4060.3960.13 GeV and lifetime

tBc
50.4620.16

10.1860.03 ps, etc. are obtained. Additional e

perimental studies of the meson are planned at Tevatron~in
run II! and at the CERN Large Hadron Collider~LHC!, etc.,
particularly the special detectors BTeV and LHCB forB
physics ~including Bc), to compensate CDF, D0, ATLAS
and CMS. NumerousBc

6 events~more than 108–1010 per
year! in the detectors at these colliders are expected@2–4#,
so a lot of interesting decay channels ofBc will be able to be
well studied experimentally, and more rare processes
become accessible, therefore, further extensive theore
studies of this meson are warranted.

The mesonBc(B̄c) consists ofc( c̄) andb̄(b) quarks, i.e.,
it contains two different heavy flavors explicitly, which
unique in nature. Of the double heavy mesons it is v
different fromJ/c,hc , . . . andY,hb , . . . , and it hasmany
interesting/distinguished properties. For instance, its prod
tion is comparatively hard so that its discovery is quite la
and it decays, through the two-flavor annihilation and dec
of one of the two heavy flavors, only weakly. In particular,
happens that the decay rates of the two heavy flavors
comparable in magnitude@the b quark has a greater mas
than the c quark mb@mc , versus a small value of th
Cabibbo-Kobayashi-Maskawa~CKM! matrix elementVcb

*Not post-mail address.
0556-2821/2001/65~1!/014017~16!/$20.00 65 0140
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!Vcs#, so that it has much richer decay channels which h
a sizable branching ratio, even more than those of the he
mesonsB6,B0,Bs ,D6,D0,Ds , etc., hence one may stud
the weak decays of the two heavy flavorsb,c simultaneously
with the unique mesonBc .

Bc-meson production@2–5#, spectroscopy@6,7#, and vari-
ous decays@8–12# were widely computed before the obse
vation of CDF, and the results are consistent with the C
observation if theoretical uncertainties and experimental
rors are taken into account@1#. Whereas the semileptoni
decaysBc→xc(hc)1 l 1n l and the two-body nonleptonic
decaysBc→xc(hc)1h, i.e., the decays of the mesonBc to a
P-wave chamonium state, are certainly interesting, and
missing in the literature, we devote this paper to report
our computations on them, although the semileptonic dec
in a letter style were reported elsewhere@12#.

Why do the decays of the mesonBc to aP-wave charmo-
nium state so interest people? Let us outline a few reas
below.

First of all, how sizable the decays will be, especially
they are accessible in run II of Tevatron and/or in LHC, a
interesting problems. Especially, a specific detector ha
limited efficiency to record a photon, i.e., photons may
missed in detectors, so the cascade decayBc→xc1••• and
a radiative decayxc→J/c1g may appear to be an indica
tion of the mesonBc through the decaysBc→J/c1•••

when the photong is missed. Namely, the cascade deca
may potentially affect the results of theBc observation sub-
stantially, and it essentially depends on how sizable the
cays are in the cascade decay. In fact, two of the radia
P-wave charmonium decays have quite a large branch
ratio of about a few tenths (Br527.3% forxc@

3P1#→J/c
1g andBr513.5% forxc@

3P2#→J/c1g @13#!. Therefore,
the precise values of the decays toP-wave charmonia are
©2001 The American Physical Society17-1
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necessary, when one estimates quantitatively the backgro
for the observation on theBc meson.

If one would like to seeCP violations inBc decays, for
example, in the decaysBc→h1h11h2 (h,h1 ,h2 denote
various possible mesons!, as emphasized in Ref.@14#, the
interference of the direct decays with a corresponding c
cade through a resonance, e.g.,Bc→xc@

3P0#1h and
xc@

3P0#→h11h2, may enhance the visibleCP-violation ef-
fects substantially. Thus to take advantage of this met
quantitatively, knowledge of the decayBc→xc@

3P0#1h is
necessary.

The QCD-inspired potential model works very well fo

nonrelativistic double-heavy systems. The systems (cb̄) and
( c̄b) in forming bound states, except the reduce mass,
similar to the well-studied systems (bb̄) and (cc̄), so it is
believed that with the potential model the static properties
the systems (cb̄) and (c̄b) can be computed very well a
those of bottomium (bb̄) and charmonium (cc̄). In general,
applying the wave functions to computing the relevant de
matrix elements interests people for several reasons, on
which is the potential model will have further tests. Th
with the wave functions ofBc @the ground state of the syste
of (cb̄)# andxc(hc) @theP-wave states of (cc̄)# obtained by
the potential model, to apply the wave functions to comp
ing the decaysBc→xc(hc)1••• is interesting in connection
with additional tests on the model.

Since the mass ofBc(mBc
) is much greater than that o

theP-wave charmonia (mxc
andmhc

), the momentum recoi
in the decays concerned can be great~even relativistic!,
therefore we should carefully choose a suitable approac
deal properly with the momentum recoil effects in the d
cays.

If one tries to apply the Schro¨dinger wave functions of
nonrelativistic binding systems to computing precise val
of the decay processes, with such a great~even relativistic!
recoil momentum one cannot carry out the computation,
as is done in atomic and nuclear decays by taking the w
functions of the bound states in a suitable ‘‘reference fram
and then simply ‘‘boosting’’ the ones accordingly, becau
the recoil momentum in an atomic or nuclear process is v
small, always nonrelativistic, which is very different fro
the present decays. The great momentum recoil obvio
means that the velocity between the two CMS of theBc
meson and the charmonium state is huge. The potential w
functions of the parent and the daughter states, given in e
CMS, respectively, cannot be attributed just to choosin
suitable reference frame and simply boosting the wave fu
tions ~this fact will be seen clearly later on!. Thus when
applying the wave functions to calculation of the deca
~e.g., the semileptonic decays and most two-body non
tonic decays here! with such a great~even relativistic! mo-
mentum recoil, special handling is needed in principle.
deal with the momentum recoil properly, a so-called gen
alized instantaneous approximation approach~GIAA ! for the
decays from a nonrelativisticS-wave state to anotherS-wave
one was proposed in Ref.@8#. The GIAA has been proved
valid in the cases for the decays from a nonrelativis
01401
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S-wave state to anotherS-wave one in certain phases@8#. For
the GIAA in the present cases for the decays from a non
ativistic S-wave state to aP-wave one, and to compare wit
the other approaches, we need just a straightforward ex
sion, hence for present purposes we adopt the GIAA her

The key points of the GIAA may be outlined in thre
steps. First, to ‘‘reform’’ the ‘‘original’’ potential model,
which is based on the Schro¨dinger equation, to the Bethe
Salpeter~BS! equation1 even for the nonrelativistic binding
systems. Then, according to the Mandelstam method@15#
formulate the~weak! current matrix elements~an elementary
factor for the relevant decays! sandwiched by the BS wav
functions of the two bound states, so that the current ma
elements are written in a fully relativistic formulation. F
nally, make the so-called ‘‘generalized instantaneous
proximation’’ on the fully relativistic matrix elements, i.e
integrate out the ‘‘time’’ component of the relative mome
tum in the Mandelstam formulation by a contour integratio
and as the final result, the current matrix elements turn ou
be formulated in terms of proper operators sandwiched
the Schro¨dinger wave functions of the ‘‘original’’ potentia
model. Since the weak current matrices~by means of the
Mandelstam method! are formulated relativistically and use
as the starting ‘‘point’’ for the contour integration, we can b
sure that the final formulation takes the recoil effects in
account properly. One more advantage of the approach is
it has a more solid foundation in quantum field theory th
that in the ‘‘original’’ potential models, because the BS wa
functions and the matrix elements in the Mandelstam form
lation, which are used as the starting point to make the g
eralized instantaneous approximation, have very solid fo
dations in quantum field theories.

On the other hand, the GIAA also avoids the disadvant
of directly computing the decays with the Mandelstam fo
mulation. We know the BS equation is four-dimensional
space-time to describe the bound states, so there are diffi
ties, such as how to determine the QCD-inspired fo
dimensional interaction kernel of the equation properly, w
is the physical meaning of the excitations in the relative-ti
‘‘freedom’’ of the two components, etc. In addition, the B
equation is harder to solve than a Schro¨dinger one, even
when the four-dimentional kernel is fixed. Whereas under
generalized instantaneous approximation, which treats
great momentum recoil effects properly, only Schro¨dinger
wave functions that are well-tested in the potential mo
appear finally, the approach avoids the difficulties of the
equation by keeping the achievements of the potential mo

Finally we should note here that in calculating the tw
body nonleptonic decays ofBc to the P-wave xc and hc
states, the widely adopted factorization assumption and
effective Lagrangian for four fermions in which the ‘‘shor
distance’’ QCD corrections have been taken into acco

1For the binding systems,Bc and xc(hc), the reform is just by
means of the original instantaneous approximation proposed by
peter to ‘‘build’’ the relation between the Schro¨dinger equations and
the relevant BS ones, which can be found in many textbooks
quantum field theory; see, e.g.,@16#.
7-2
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DECAYS OF THE MESONBc TO A P-WAVE . . . PHYSICAL REVIEW D 65 014017
with the OPE~operator product expansion! and the RGM
~the renormalization-group method! are applied.

The paper is organized as follows. In Sec. II, the exclus
semileptonic differential decay rates, the matrix eleme
the form factors, etc., are presented. In Sec. III, the adop
approach~GIAA ! and the computations of the form facto
are illustrated precisely. In Sec. IV, the two-body nonlepto
decays ofBc are formulated with necessary description. F
nally, in Sec. V, numerical results and discussions are p
sented. Under reasonable assumptions, the obtained pr
dependence of the current matrix elements on the form
tors, and the precise dependence of the form factors on
functionsj1 andj2, with integrations overlapping the wav
function, are put in the Appendix.

II. THE EXCLUSIVE SEMILEPTONIC DECAYS AND
RELEVANT CURRENT MATRIX ELEMENTS

The T-matrix element for the semileptonic decaysBc
→X(cc̄)1 l 11n l is

T5
GF

A2
Vi j ūn l

gm~12g5!v l^Xcc̄~p8,e!uJi j
muBc~p!&, ~1!

where X(cc̄) denotes xc and hc , Vi j is the Cabibbo-
Kobayashi-Maskawa~CKM! matrix element, Jm is the
charged current responsible for the decays, andp, p8 are the
momenta of the initial stateBc and the final stateX(cc̄) . Thus
we have

(
I

uTu25
GF

2

2
uVi j u2l mnhmn , ~2!

where hmn is the hadronic tensor andl mn is the leptonic
tensor.l mn is easy to compute, whereas in generalhmn can be
written as

hmn52agmn1b11~p1p8!m~p1p8!n

1b12~p1p8!m~p2p8!n1b21~p2p8!m~p1p8!n

1b22~p2p8!m~p2p8!n

1 igemnrs~p1p8!r~p2p8!s, ~3!

and by a straightforward calculation, the differential dec
rate is obtained accordingly:

d2G

dxdy
5uVi j u2

GF
2M5

32p3
H a

S y2
ml

2

M2D
M2

12b11

3F2xS 12
M 82

M2
1yD 24x22y1

ml
2

4M2

3S 8x1
4M 822ml

2

M2
23yD G
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14~b121b21!
ml

2

M2 S 224x1y2
2M 822ml

2

M2 D
14b22

ml
2

M2 S y2
ml

2

M2D 2gF yS 12
M 82

M2
24x1yD

1
ml

2

M2 S 12
M 82

M2
1yD G J , ~4!

wherex[El /M andy[(p2p8)2/M2, M is the mass ofBc
meson, andM 8 is the mass of the final stateXcc̄ . The coef-
ficient functionsa, b11 , andg can be formulated in terms
of form factors. Note here that we have kept the mass of
lepton ml precisely different from those of Isguret al. @9#
and Grinsteinet al. @17#, so the formula here can be applie
not only to the cases ofeandm semileptonic decays, but als
to those oft-semileptonic decays.

~i! If X(cc̄) is thehc(@
1P1#) state, the vector current matri

element

^Xcc̄~p8,e!uVmuBc~p!&[r em* 1s1~e* •p!~p1p8!m

1s2~e* •p!~p2p8!m , ~5!

and the axial vector current matrix element

^X(cc̄)~p8,e!uAmuBc~p!&[ ivemnrse* n~p1p8!r~p2p8!s,

~6!

wherep andp8 are the momenta ofBc andhc , respectively,
ande is the polarization vector ofhc .

~ii ! If X(cc̄) is thexc(@
3P0#) state, the vector matrix ele

ment vanishes, and the axial vector current

^X(cc̄)~p8!uAmuBc~p!&[u1~p1p8!m1u2~p2p8!m .
~7!

~iii ! If X(cc̄) is thexc(@
3P1#) state,

^X(cc̄)~p8,e!uVmuBc~p!&[ l em* 1c1~e* •p!~p1p8!m

1c2~e* •p!~p2p8!m ~8!

and

^X(cc̄)~p8,e!uAmuBc~p!&[ iqemnrse* n~p1p8!r~p2p8!s.

~9!

~iv! If X(cc̄) is thexc(@
3P2#) state,

^X(cc̄)~p8,e!uVmuBc~p!&

[ ih12emnrse* napa~p1p8!r~p2p8!s ~10!

and
7-3
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CHANG, CHEN, WANG, AND ZONG PHYSICAL REVIEW D65 014017
^X(cc̄)~p8,e!uAmuBc~p!&[kemn* pn1b1~ers* prps!~p1p8!m

1b2~ers* prps!~p2p8!m . ~11!

The form factorsr, s1 , s2 , v, u1 , u2 , l, c1 , c2 , k,
b1 , b2 , andh12 are functions of the momentum transf
t5(p2p8)2 and can be calculated precisely. In Ref.@8#, we
proposed an approach, the generalized instantaneous
proximation, to compute those form factors for the decays
Bc to anS-wave charmonium stateJ/c or hc . Now we are
computing the form factorsr ,s1 ,s2 , . . . appearing in the
decays ofBc to a P-wave charmonium state. In fact the a
proach may be used directly; thus it is adopted in the pre
calculations.

III. THE GENERALIZED INSTANTANEOUS
APPROXIMATION APPROACH TO THE WEAK CURRENT

MATRIX ELEMENTS

To calculate these form factors, the GIAA developed
Ref. @8# is adopted. As outlined in the Introduction, the co
sidered weak~electromagnetic! current matrix element is de
scribed by Fig. 1, and according to the Mandelstam form
ism @15# it may be written down in terms of Bethe-Salpet
wave functions forBc andxc(hc) exactly:

l m5 i E d4q

~2p!4
Tr@ x̄p8~q8!~p” 22m2!xp~q!Gm#. ~12!

Here xp(q), andxp8(q8) are the BS wave functions of th
initial stateBc and the final statexc(hc) with the correspond-
ing momentap, p8. Throughout the paper we usep1 , p2 to
denote the momenta of the quarks in the initial mesonBc ,
andp18 , p28 to denote the momenta of the quarks in the fin
mesonxc or hc . For convenience, let us introduce the de
nition of the relative momentumq ~or q8!:

p15a1p1q, a15
m1

m11m2
,

p25a2p2q, a25
m2

m11m2
.

p1 , p2 , m1, and m2 are the momenta and masses for t
antiquark and quark, respectively. The matrix element of
current Eq.~12! is now fully relativistic; thus it can be use

FIG. 1. The Feynman diagram for the weak current matrix e
ment.
01401
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as the starting ‘‘point’’ to take into account the recoil effec
in the decays no matter how great the recoil moment will
in the considered decay. To apply the generalized insta
neous approach for the matrix element, we need to ‘‘refor
the potential model to that on the BS equation ‘‘ground.’’

A. The potential model and BS equation

In general, the BS equation for the corresponding wa
function xp(q),

~p” 22m2!xp~q!~p” 11m1!5 i E d4k

~2p!4
V~p,k,q!xp~k!,

~13!

where V(p,k,q) is the kernel between the quarks in th
bound state, may describe the relevant quark-antiqu
bound state well. Accordingly, the BS wave functionxp(q)
should satisfy the normalization condition

E d4qd4q8

~2p!4
TrF x̄p~q!

]

]p0
@S1

21~p1!S2
21~p2!d4~q2q8!

1V~p,q,q8!#xp~q8!G52ip0 , ~14!

whereS1(p1) andS2(p2) are the propagators of the releva
particles with massesm1 andm2, respectively.

As pointed out in the Introduction, the BS equation
four dimension should be reduced to a one in three dim
sion, i.e., the timelike component momentum should be
tegrated out~the instantaneous approximation! with a con-
tour integration as proposed by Salpeter, especially when
kernel has the following property:

V~p,k,q!.V~ ukW2qW u!.

To do this is very easy. When one makes a contour integ
tion of the ‘‘time’’ component of the relative momentum o
the whole BS equation, then the BS equation is dedu
straightforwardly into a three-dimensional equation, which
just a Schro¨dinger equation in the momentum representati
Since the starting point of the common potential model i
Schrödinger equation, we may convert the potential mod
into a foundation based on the BS equation, as with the
stantaneous approach.

To treat the possible large recoil effects in the decays,
need also to convert the instantaneous approximation
covariant way too, i.e., to divide the relative momentumq
into two parts,qi and q' , a parallel~timelike! part and an
orthogonal one top, respectively:

qm5qpi
m 1qp'

m ,

where qpi
m [(p•q/M p

2)pm and qp'
m [qm2qpi

m . Correspond-
ingly, we have two Lorentz invariant variables:

qp5
p•q

M p
, qpT5Aqp

22q25A2qp'
2 .

-

7-4
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In the rest frame of the initial meson, i.e.,pW 50, they turn
back to the usual componentsq0 and uqW u, respectively.

Now the volume element of the relative momentumk can
be written in an invariant form:

d4k5dkpkpT
2 dkpTdsdf, ~15!

where f is the azimuthal angle ands5(kpqp2k•q)/
(kpTqpT). Now the interaction kernel can be rewritten as

V~ ukW2qW u!5V~kp' ,s,qp'!. ~16!

We define

wp~qp'
m ![ i E dqp

2p
xp~qpi

m ,qp'
m !,

~17!

h~qp'
m ![E kpT

2 dkpTds

~2p!2
V~kp' ,s,qp'!wp~kp'

m !.

The BS equation can now be rewritten as

xp~qpi ,qp'!5S1~p1!h~qp'!S2~p2! ~18!

and the propagators can be decomposed as

Si~pi !5
L ip

1~qp'!

J~ i !qp1a iM2v ip1 i e
1

L ip
2~qp'!

J~ i !qp1a iM1v ip2 i e
,

~19!

with

v ip5Ami
21qpT

2 ,

L ip
6~qp'!5

1

2v ip
F p”

M
v ip6J~ i !~mi1q” p'!G , ~20!

where i 51,2 andJ( i )5(21)i . HereL ip
6(qp') satisfies the

relations

L ip
1~qp'!1L ip

2~qp'!5
p”

M
,

L ip
6~qp'!

p”

M
L ip

6~qp'!5L ip
6~qp'!,

L ip
6~qp'!

p”

M
L ip

7~qp'!50. ~21!

Due to these equations,L6 may be referred to as th
p-projection operators, while in the rest frame of the cor
sponding meson, they turn to the energy projection opera

We definewp
66(qp') as

wp
66~qp'![L2p

6 ~qp'!
p”

M
wp~qp'!

p”

M
L1p

7C~qp'!, ~22!
01401
-
r.

where the upper indexC denotes the charge conjugation.
our notation,L2p

6C(qp')[L2p
7 (qp'). Integrating overqp on

both sides of Eq.~18!, we obtain

~M2v1p2v2p!wp
11~qp'!5L2p

1 ~qp'!hp~qp'!L1p
2C~qp'!,

~M1v1p1v2p!wp
22~qp'!5L2p

2 ~qp'!hp~qp'!L1p
1C~qp'!,

wp
12~qp'!5wp

21~qp'!50. ~23!

The normalization condition of Eq.~14! now becomes

E qT
2dqT

~2p!2
trF w̄11

p”

M
w11

p”

M
2w̄22

p”

M
w22

p”

M G52P0 .

From these equations, one may see that in the weak b
ing case to compare with the factor (M2v1p2v2p), the
factor (M1v1p1v2p) is large, so the negative energy com
ponents of the wave functionsw22 are small. In the presen
case, for the heavy quarkonium andBc meson this is pre-
cisely the situation, so we ignore the negative energy co
ponents of the wave functions safely at the lowest-order
proximation.

Neglecting the negative energy components of the w
functions, the BS equation contains the positive compon

wp
11~qp'![L2p

1 ~qp'!
p”

M
wp~qp'!

p”

M
L1p

2C~qp'!

only, and the normalization condition becomes

E qT
2dqT

~2p!2
trF w̄11

p”

M
w11

p”

M G52P0 .

Now let us consider the wave functionw11 appearing in
the above equations. We know that the total angular mom
tum of a meson is composed from orbital angular moment
and spin, furthermore there are two ways (S-L coupling or
j -j coupling! to compose the total angular momentum. He
to considerP-wave states of charmonium, we adopt theS-L
coupling, i.e., we let the spins of the two quarks couple in
a total spin, which can be either singlet or triplet, then we
the total spin couple to the relative orbital angular mome
tum, and finally we obtain the total angular momentum.
this way, the reduced BS wave functionwP can be written
approximately as

w
1S0

~qW !5
P” 1M

2A2M
g5cn00~qW ! ~24!

for the 1S0 state, and

w
3S1

l
~qW !5

P” 1M

2A2M
e” lcn00~qW ! ~25!

for the 3S1 state, whereel is the polarization of this state
For theP-wave (cc̄) wave functions,
7-5
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w1P1
~qW !5

P” 1M

2A2M
g5cn1Mz

~qW ! ~26!

for 1P1, i.e., thehc state, and

w
3PJ

Jz ~qW !5
P” 1M

2A2M
e” l~S!cn1Mz

~qW !^1Sz ,LMzuJJz& ~27!

for 3PJ(J50,1,2), i.e.,xc states, wheree is the polarization
vector of total spin and̂ 1Sz ,LMzuJJz& are the Clebsch-
Gordon coefficients which coupleL, S to the total angular
momentumJ. cn00 andcn1Mz

are the full BS wave functions

B. The radius BS equation in momentum space

To solve the BS equation, the key problem concerns
radial component. If we ignore the negative energy contri
tions, the reduced BS equation~18! in the rest frame of the
meson center mass system can be written as

wP~qW !5

L2
1~qW !E dkW

~2p!3
V~kW ,qW !wP~kW !L1

1~qW !

M2v12v2
. ~28!

In the frame, the energy projection operator

L1
15

1

2v1
~v1g02gW •qW 2m1!,

L2
15

1

2v2
~v2g01gW •qW 1m2!,

where the kernelV acts onw(qW ) as

V~qW !w~qW !5Vs~qW !w~qW !1Vv~qW !gmw~qW !gm, ~29!

i.e., to correspond to the potential model more precisely,
interaction kernel can be formally divided into the corr
sponding nonperturbative QCD ‘‘linear’’ one,Vs ~in scalar
nature!, and the corresponding gluon exchange one,Vv ~in
vector nature!.

When substituting Eqs.~24! and~26! ~the wave functions
in the meson center mass system! into the reduced BS equa
tion ~28!, the equation for a spin singlet stateS50 becomes

fS50~qW !5
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#

3fS50~kW !dkW J , ~30!

where thefS50(qW ) is fn00(
1S0) or fn1Mz

(1P1). Since the

square of the relative momentumqW 2 is small compared with
01401
ts
-

e

the quark mass squared in the ‘‘double heavy’’ meson a
lowest-order approximation, we have ignored such hig
terms and usev15m1 , v25m2 in the numerator.

Now let us factorize out the radial component of the wa
function and its relevant BS equation in momentum sp
from the angular ones:

cnLMz
~qW !5fnL~ uqW u!YLMz

~u,w!,

where n is the principal quantum number,L is the orbital
angular momentum,Mz is the projection of the third compo
nent of L, fnL(uqW u) is the radial wave function, and
YLMz

(u,f) is the spherical harmonic function. For the sp

singlet states, multiplyingYLMz
* (q̂) to two sides of the re-

duced BS equation and summing overMz by using the for-
mula

4p

2L11 (
Mz

YLMz
~ q̂!YLMz

* ~ k̂!5PL~cosu!,

whereu is the angle between the unit vectorq̂ and k̂, the
radial reduced BS equation for the1S0 state is obtained:

fn0~ uqW u!5
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#fn0~ ukW u!dkW J ,

~31!

whereas for the1P1 state,

fn1~ uqW u!5
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#

3fn1~ ukW u!cosudkW J , ~32!

wherefn0(uqW u) andfn1(uqW u) are the radial parts of the wav
functions.

Similarly, for the spin triplet statesS51 we have

(
lm

^1Sz ,LMzuJJz&fS51~qW !

5(
lm

^1Sz ,LMzuJJz&
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#fS51~kW !dkW J ,

~33!
7-6
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where thefS51(qW ) is fn00(
3S1) or fn1Mz

(3PJ). Then the

equation for3S1 is

fn0~ uqW u!5
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#fn0~ ukW u!dkW J ,

~34!

and for 3PJ ,

fn1~ uqW u!5
1

4v1v2~M2v12v2!

3 Hm1m2E @4Vv~qW ,kW !24Vs~qW ,kW !#

3fn1~ ukW u!cosudkW J . ~35!

The normalization offnL now reads

E qT
2dqT

~2p!2 Fm1m2

v1v2
fnL

2 ~ uqTu!G52M .

To ignore all the spin-orbital coupling interactions, und
the additional approximation the three tripletP-wave states
3PJ and also the singlet1P1 are degenerated.

C. The generalized instantaneous approximation

After neglecting the negative energy component and
‘‘treatment’’ above, the weak current matrix elements are
follows:

l m5 i E d4q

~2p!4
TrF h̄~qp8'

8 !
L2

1~qp'!

qp1a2M2v21 i e
h~qp'!

3
L81

1~qp8'
8 !

2qp8
8 1a18M 82v181 i e

Gm
L1

1~qp'!

2qp1a1M2v11 i eG .

~36!

The generalized instantaneous approximation approac
to perform a contour integration with Cauchy’s theore
about the timelike componentqP in a complex plan on the
whole current matrix elements precisely, just as was done
Salpeter for the original one on the BS equations. As the fi
result of the approach, the matrix elements turn out to b
three-dimensional integration about the spacelike com
nentsq' , and the Schro¨dinger wave functions forBc and
xc(hc) emerge in the integration properly.

If we choose the contour along the lower half-plane, af
completing the contour integration, the current matrix e
ments become
01401
r

e
s

is

y
al
a

o-

r
-

l m5E d3q'

~2p!3
TrF h̄~qp8'

8 !L81
1~qp8'

8 !

M 82v182v28

3Gm
L1

1~qp'!h~qp'!L2
1~qp'!

M2v12v2
G .

This matrix element can also be written in the framewo
in which the momentumq'8 is the integral argument by
means of a suitable Jacobi transformation, i.e.,

l m~r !5E q8p8T
2 dqp8T

8 ds

~2p!2
trF w̄p8

11
~qp8'

8 !Gmwp
11~qp'!

P” 8

M 8
G .

~37!

The above formula with the argumentq'8 as the integral ar-
gument is more convenient, especially in the cases in wh
we calculate the matrix elements involving aP-wave state in
the final state.

After performing the contour integration on the matr
elementsl m precisely, the dependence of the matrix eleme
on the overlapping integrations of the Schro¨dinger wave
functions for the initial state and the final state becom
transparent, as do all the form factors.

Since Bc and xc(hc) are weak-binding states, we ma
reasonably make the approximation2

v20[v28
p•p8

MM 8
.m2

p•p8

MM 8
, ~38!

so as to see the main factors.
With the approximation, the form factors can be form

lated by two independent and ‘‘universal’’ functions with ce
tain kinematics factors. For convenience, we denote the
functions asj1 andj2, and in fact they are just two overlap
ping integrations of the wave functions of the initial and fin
bound states,

@el~p8!•e0#j1[E d3qp8'
8

~2p!3
c8n1Mz~l!

* ~qp8T
8 !cn00~qpT!,

~39!

el
a~p8!•j2[E d3qp8'

8

~2p!3
c8n1Mz~l!

* ~qp8T
8 !cn00~qpT!q8p8'

a ,

where

2The approximationv28.m2 may be taken here, since at th
present stage the paper is about the lowest-order calculation
fact, one may estimate the uncertainties due to the approxima
precisely. It is one of the relativistic corrections and in order
O(v2/c2) for the weak-binding system.
7-7
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e0m[

pm2
p•p8

M 82
pm8

A~p•p8!2

M 82
2M2

describes the polarization along the the recoil momen

p8W , and theP-wave (L51) orbital ‘‘polarization’’ ea
l(p) in

moving (p25m2) is

ea
61~p!57A 3

8p
@ f a

1~p!6 i f a
2~p!#,

ea
0~p!5A 3

4p
f a

3~p!,

with

f m
i ~p!5

2m2gim2m~Egim2pig0m!1pipm

m~E1m!

~ i 51,2,3; m50,1,2,3!.

In general, the matrix elements for the weak-binding s
tems with the approximation Eq.~38! may depend on only
two ‘‘universal’’ functions which are generated directly b
the overlapping integrations of the initial and final wa
function: one is the integration without the relative mome
tum qp8'

8 being inserted between the two wave function
i.e., j1, and the other is with the relative momentumqp8'

8

being inserted linearly, i.e.,j2. Note that if the integration is
with a higher power of the relative momentumqp8'

8 than is

FIG. 2. The universal functionsj1 andj2 vs tm2t. They are the
overlapping integrations of the wave functions forxc(hc) and Bc

with the definition as in Eq.~39!. The solid line is ofj1, the dashed
one is ofj2.
01401
m

-

-
,

linearly being inserted, it will be the relativistic correction
to j1 or j2. For instance, those withq8p8'

2 ,q8p8'
4 , . . . being

inserted are the corrections toj1 and those with
q8p8'

3 ,q8p8'
5 , . . . being inserted are the corrections toj2.

Therefore, there are only two such ‘‘universal’’ function
j1 ,j2 in the decays. In the case in which the decays are fr
an S wave to anotherS-wave state, due to the fact that th
wave functions are normalized,j1 must be much greater tha
j2, even when the recoil momentum is great. Thusj2 may be
ignored safely, i.e., in that case it is enough to considerj1
only. Furthermore, as found in Ref.@8#, the ‘‘universal’’
functionj ~just j1 here! may be directly related to the Isgur
Wise function appearing in heavy flavor effective theo
~HFET! for heavy meson decays since spin-flavor symme
@18#, if taking the mass ofc quark approaching to infinity.
Whereas in the present case it is about the decays fromBc to
a P-wave charmonium, it is different from those fromBc to
anS-wave charmonium, hence an interesting aspect happ
Since the decays from anS-wave state to aP-wave state are
considered as the common and familiar cases in the ato
and nuclear transitions, the functionj2 is dominant in the
region of a small recoil momentum and is decreasing slo
as the momentum recoil is increasing, whereas the func
j1, as expected, is zero or tiny when the recoil momentum
zero or small, but turns out to be comparable to or ev
greater thanj2 in the region of a great momentum recoil. W
should note that there is no conflict with our knowled
about the atomic and nuclear transitions, where the functi
j1 are always ignored due to the fact that the moment
recoil in all the transitions is very small, i.e., only the fun
tion j2 ‘‘acts.’’ But in the present case of the decay ofBc to
a P-wave charmonium, the momentum recoil may even
relativistic, so we do not have any reason to ignore one of
two ‘‘universal’’ functionsj1 andj2 to obtain correct results
Instead, we need to keep two of them precisely. In orde
see this feature clearly, in Sec. V we evaluate the two fu
tionsj1 andj precisely, and we put the curves of their valu
versus momentum transfer into a figure~Fig. 2!.

Substituting the BS wave functions Eq.~24! and Eqs.~26!
and ~27! into the equation of current matrix elements a
using Eq.~39!, the precise formula for the form factors, i.e
the precise dependence of the form factors onj1 andj2, can
be obtained and we put them in the Appendix. The curves
j1 andj2 obtained by numerical calculations are shown in
figure. With the functionsj1 , j2 and the form factors, the
decay rates of the semileptonic decays and the spectrum
the charged lepton for the decays can be obtained by stra
forward numerical calculations.

Note that in our calculations on the form factors, we ha
used the relations

(
l,l8

em
l ~S,p8!en

l8~L,p8!^1l;1l8u00&

5A1

3S gmn2
pm8 pn8

M 82 D ,
7-8
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(
l,l8

em
l ~S,p8!en

l8~L,p8!^1l;1l8u1l9&

5A1

2

i

M 8
emnabp8ael9

b
~J,p8!, ~40!

(
l,l8

em
l ~S,p8!en

l8~L,p8!^1l;1l8u2l9&

[emn
l9 ~J,p8!,

where^1Sz ;1LzuJJz& as before are CG coefficients. The p
larization of a vector with (J51; l51,0,21), em

l (p8), and
that of a tensor with (J52; l522,21,0,1,2), emn

l (p8),
have the ‘‘projections’’

(
l561,0

em
l ~p8!en

l~p8!5S pm8 pn8

M 82
2gmnD [Pmn8 ,

(
l562,61,0

emn
l ~p8!eab

l ~p8!5
1

2
~Pma8 Pnb8 1Pmb8 Pna8 !

2
1

3
Pmn8 Pab8 . ~41!

IV. THE TWO-BODY NONLEPTONIC DECAYS

In this section, we outline how to calculate the two-bo
nonleptonic decaysBc→xc(hc)1h ~hereh denotes a meson!
with the factorization assumption on the decay amplitud
which is still widely adopted in estimating the nonlepton
decays for various mesons in literature. According to
assumption, the weak current matrix elements appear
factor in the calculations precisely and they are related to
form factors just obtained in the previous section. For
noneptonic decay modesBc→xc(hc)1h ~caused by the de
cay b→c), the following effective LagrangianLeff ~QCD
corrections are involved! is responsible:

Le f f5
GF

A2
$Vcb@c1~m!Q1

cb1c2~m!Q2
cb#1H.c.%

1penguin operators. ~42!

GF is the Fermi constant,Vi j are CKM matrix elements
andci(m) are scale-dependent Wilson coefficients. The fo
quark operatorsQ1

cb andQ2
cb ~CKM favored only! are

Q1
cb5@Vud* ~ d̄u!V2A1Vus* ~ s̄u!V2A1Vcd* ~ d̄c!V2A

1Vcs* ~ s̄c!V2A#~ c̄b!V2A , ~43!
01401
s,

e
a

e
e

-

Q2
cb5@Vud* ~ c̄u!V2A~ d̄b!V2A1Vus* ~ c̄u!V2A~ s̄b!V2A

1Vcd* ~ c̄c!V2A~ d̄b!1Vcs* ~ c̄c!V2A~ s̄b!#,

where (q̄1q2)V2A denotesq̄1gm(12g5)q2.
Because at this moment we restrict ourselves to consi

ing the decays to which the ‘‘penguin’’ operators in the e
fective Lagrangian contribute little in comparison with th
two main onesc1 and c2, the contributions from penguin
terms are neglected in the present calculations, althoug
the Ref. @11# it is pointed out that the ‘‘penguin’’ operato
may contribute about 3–4% to the total decay width owi
to its interference with the main ones. Moreover, at this st
we also restrict ourselves to considering only the de
modes where the weak annihilation contributions are sm
due to the precise reasons, e.g., the helicity suppress

FIG. 3. The energy spectrum of the charged lepton for the
cays Bc→xc1e(m)1n, where the solid line is the result of th
hc@

1P1# state, the dotted-blank-dashed line is ofxc@
3P0#, the

dashed line is ofxc@
3P1#, and the dotted-dashed line isxc@

3P2#.

FIG. 4. The energy spectrum of the charged lepton for the
caysBc→xc1t1nt , where the solid line is the result ofhc@

1P1#
state, the dotted-blank-dashed line is ofxc@

3P0#, the dashed line is
of xc@

3P1#, and the dotted-dashed line isxc@
3P2#.
7-9
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TABLE I. The semileptonic decay widths~in the unit 10215 GeV!.

G(Bc→1P1l n l ) G(Bc→3P0l n l ) G(Bc→3P1l n l ) G(Bc→3P2l n l )

e(m) 2.509 1.686 2.206 2.732
t 0.356 0.249 0.346 0.422
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etc.,3 so we do not take the contributions into account h
@19#.

Precisely by means of the factorization assumption,
decay amplitudes for the nonleptonic decays can be for
lated into three factors: the so-called leptonic decay c
stants, which are defined by the matrix eleme
^0uAmuM (p)&5 i f Mpm @or ^0uVmuV(p,e)&5 f VMVem#; the
weak current matrix elementŝxcuVm(Am)uBc&, which are
the semileptonic decays; and the relevant coefficients in
combinations: a15c11kc2 and a25c21kc1, where k
51/Nc andNc is the number of color. The coefficients in th
combination a1 ,a2 are due to the weak currents bein
‘‘Fierz-reordered.’’ In the numerical calculations later on, w
will choose a15c1 and a25c2, i.e., we takek50 in the
spirit of the largeNc limit, and the QCD correction coeffi
cients c1 and c2 are computed at the energy scale ofmb .
Therefore with the relations between the currents and fo
factors obtained as in the semileptonic decays, finally
factorized amplitudes for the nonleptonic decays can be
mulated in terms of the form factors and the decay const
by the definitions ^0uAmuM (p)&5 i f Mpm and
^0uVmuV(p,e)&5 f VMVem . Thus the decay widths for th
two-body nonleptonic decays can be computed straight
wardly.

V. NUMERICAL RESULTS AND DISCUSSIONS

In the numerical calculations, according to the poten
model, the parameters are taken as follows:

l50.24 GeV2, a50.06 GeV, LQCD50.18 GeV, a5e
52.7183, V0520.93 GeV, Vbc50.04 @13#, m25mc
51.846 GeV,m15mb55.243 GeV.

With the parameters, the masses ofBc andxc ,hc are

M5mBc
56.33 GeV, M 85mxc(hc)53.50 GeV,

and the corresponding radial wave functions of theBc meson
andP-wave charmoniumxc ,hc numerically, which are con-
sistent with those in the literature. Note here that since in
present evaluations we only carry out the lowest-order o
without considering the splitting caused byL-S andS-S cou-
plings, M 8, the masses of all the bound states3PJ (J
50,1,2) and1P1, are degenerated.

The behaviors of the functionsj1(tm2t) and j2(tm2t),
i.e., the two overlapping integrations of the wave functio
of the initial and final states, are computed numerically a
plotted in Fig. 2, wheretm5(M2M 8)2 and t5(P2P8)2.

3We will consider the contribution from the penguin operator a
weak annihilation carefully elsewhere.
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The spectra of the charged lepton energy for the dec
Bc→xc1e(m)1n ~the mass of the charged lepton can
ignored! are shown in Fig. 3, and those for the decaysBc

→xc1t1n, where the mass of the charged leptont cannot

be ignored, are shown in Fig. 4, whereupW l u is the momentum
of lepton. The difference, shown in Fig. 3 and Fig. 4, is d
to the fact thatt lepton has a sizable mass. For the semile
tonic decays, we put the widths of the decays correspo
ingly in Table I.

As for the nonleptonic two-body decaysBc→xc(hc)1h,
we only evaluate some typical channels, whose widths
relatively larger, and put the results in Table II. In the n
merical calculations,c1 and c2 are computed at the energ
scale ofmb , and the coefficientsa15c1 anda25c2, i.e., k
50 is taken. The decay constant valuesf p150.131 GeV,
f r150.208 GeV, f a1

50.229 GeV, f K150.159 GeV, f K* 1

50.214 GeV, f Ds
50.213 GeV, f D

s*
50.242 GeV, f D1

50.209 GeV, andf D* 150.237 GeV are determined by fit
ting decays ofB andD mesons.

By comparing the present results in Table I with those
the decays ofBc to S-wave charmonium statesJ/c andhc ,
e.g., G(Bc→J/c1 l 1n);25310215 GeV, which can be
found in Refs.@8,9#, one may realize that the semilepton
decays ofBc to theP-wave charmonium states in magnitud
are about one-tenth of the decayBc→J/c1 l 1n l . As for the
two-body nonleptonic decays, due to the fact that the re
momentum is fixed in each specific decay so that it varies
various decays the decays,Bc→xc(hc)1h can be greater
than one-twentieth of the one corresponding to theS-wave
state,Bc→J/c(hc)1h.

Based on the fact that the first observation ofBc by the
CDF group is through the semileptonic decaysBc→J/c1 l
1n l in run I of Tevatron, we can conclude that most of t
decays concerned here are accessible at LHC and at Tev
in run II. It is expected that theBc meson events will be
more than 20 times more frequent at Tevatron and LHC t
those at run I, and the detectors at the two colliders will
much improved, especially the two-detector BTeV a
LHCB, which were designed particularly forB physics.
These may accumulate many moreBc events of better qual-
ity, thus not only may the concerned decays be access
but also rare decays, evenCP-violation processes, may b
too.

Since a specific detector always has a limited efficiency
record a photon, i.e., a photon may be missed in the dete
with a precise possibility, the cascade decays ofBc→xc1•

•• andxc→J/c1g may appear as an indication of the m
sonBc through the decaysBc→J/c1••• when the photon
in the second decay is missed. Furthermore, two of
P-wave charmonia have quite a large branching ratio~about
7-10
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TABLE II. Two-body non-leptonicBc
1 decay widths in unit 10215 GeV.

Channel G G(a151.132) Channel G G(a151.132)

1P1p1 a1
20.569 0.729 1P1r a1

21.40 1.79
3P0p1 a1

20.317 0.407 3P0r a1
20.806 1.03

3P1p1 a1
20.0815 0.104 3P1r a1

20.331 0.425
3P2p1 a1

20.277 0.355 3P2r a1
20.579 0.742

1P1A1 a1
21.71 2.19 1P1K1 a1

24.2631023 5.4631023

3P0A1 a1
21.03 1.33 3P0K1 a1

22.3531023 3.0231023

3P1A1 a1
20.671 0.859 3P1K1 a1

20.58331023 0.74731023

3P2A1 a1
21.05 1.34 3P2K1 a1

21.9931023 2.5631023

1P1K* a1
27.6331023 9.7831023 1P1Ds a1

22.32 2.98
3P0K* a1

24.4331023 5.6831023 3P0Ds a1
21.18 1.51

3P1K* a1
22.0531023 2.6331023 3P1Ds a1

20.149 0.191
3P2K* a1

23.4831023 4.4731023 3P2Ds a1
20.507 0.650

1P1Ds* a1
21.99 2.56 1P1D1 a1

20.0868 0.111
3P0Ds* a1

21.48 1.89 3P0D1 a1
20.0443 0.0568

3P1Ds* a1
22.21 2.83 3P1D1 a1

20.00610 0.00782
3P2Ds* a1

22.68 3.44 3P2D1 a1
20.0209 0.0267

1P1D* 1 a1
20.0788 0.101

3P0D* 1 a1
20.0567 0.0726

3P1D* 1 a1
20.0767 0.0983

3P2D* 1 a1
20.0972 0.124
n

ys
o,
in

of
l.
lu
ac

e

y

x-
e

e-
l
th

c

ike

or-
-

are
a few tenths! for their radiative decaysxc@
3P1#→J/c

1g (Br527.3%) and xc@
3P2#→J/c1g (Br513.5%)

@13#, hence the cascade decays may contribute a substa
background for the observation of theBc meson through
Bc→J/c1•••. In particular, we find here that the deca
Bc→xc@

3P1,2#1 l 1n l have quite a sizable branching rati
the mesonBc observed by the CDF group, as pointed out
the Introduction, is through the semileptonic decaysBc
→J/c1 l 1n l , thus the efficiency in detecting photons
the detector may affect the observation at a certain leve
conclusion, we think the results concerning the decay va
obtained here are useful references in estimating the b
ground quantitatively.

We would also like to point out that we find that th
decays Bc→hc1 l 1n l and/or Bc→hc1h have sizable
branching ratios, so potentially they can create a new wa
observe the charmonium statehc@

1P1#. In particular, the
charmonium statehc@

1P1# has not been well-established e
perimentally yet, thus it is worthwhile to try to observe th
statehc through theBc decays at LHC and Tevatron, esp
cially with the detectors LHCB and BTeV. Hopefully, it wil
be a complementary possibility experimentally to see
1P1 charmonium state, in addition to those throughc(2S)
decay and proton-antiproton annihilation.
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APPENDIX

In this appendix, we present the form factors and the f
mulas fora, b11 , andg, which are required in the calcu
lations on the exclusive semileptonic decays ofBc to X. Here
X denotes one of the stateshc@

1P1#, xc@
3P0#, xc@

3P1#, and
xc@

3P2# as indicated precisely in each case below.
For convenience, we introduce the parameters below:

v10[Av20
2 2m2

21m1
2,

nep5A~p•p8!2

M 82
2M2.

1. Bc meson to charmoniumhc†
1P1‡

The matrix elements for the vector and axial currents

^X~p8,e!uVmuBc~p!&[r em* 1s1~e* •p!~p1p8!m

1s2~e* •p!~p2p8!m,

^X~p8,e!uAmuBc~p!&[ ivemnrse* n~p1p8!r~p2p8!s,

where
7-11
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r 5
~m182m2!~m11v102m22v20!j2

8m18v10v20

2
~m181m2!~m11v101m21v20!j2~p•p8!

8M 8Mm18v10v20

, ~A1!

s15
m2@M ~m21v202m12v10!2M 8~m11v101m21v20!#j2

8M 8M2v10v20
2

1
m2@M ~m21v202m12v10!2M 8~m11v101m21v20!#j1

8M 8Mv10v20nep

1
m2@M ~m2v201v20

2 2m1v202v10
2 !2M 8~m1v202v10

2 1m2v201v20
2 !#j2

8M 8M2v10
3 v20

1
~m181m2!~m11v101m21v20!j2

16M 8Mm18v10v20

2
~M 82M !j1

8M 8M2v10

, ~A2!

s25
m2@2M ~m21v202m12v10!2M 8~m11v101m21v20!#j2

8M 8M2v10v20
2

1
m2@2M ~m21v202m12v10!2M 8~m11v101m21v20!#j1

8M 8Mv10v20nep

1
m2@2M ~m2v201v20

2 2m1v202v10
2 !2M 8~m1v202v10

2 1m2v201v20
2 !#j2

8M 8M2v10
3 v20

2
~m181m2!~m11v101m21v20!j2

16M 8Mm18v10v20

1
~M 82M !j1

8M 8M2v10

, ~A3!

v52
~m181m2!~m11m21v101v20!j2

16M 8Mm18v10v20

. ~A4!
nt
The dependences ofa, b11 , andg on the above form fac-
tors are

a5r 214M2pW 82v2, ~A5!

b115
r 2

4M 82
2M2yv21

1

2 F M2

M 82
~12y!21G rs1

1M2
pW 82

M 82
s1

2 , ~A6!

b1252
r 2

4M 82
1~M22M 82!v2

1
1

4 F2
M2

M 82
~12y!23G rs1

1
1

4 F M2

M 82
~12y!21G rs21M2

pW 82

M 82
s1s2 ,

~A7!
01401
b215b12 , ~A8!

b225
r 2

4M 82
1@M2y22~M21M 82!#v2

1
1

2 F2
M2

M 82
~12y!23G rs21M2

pW 82

M 82
s2

2 ,

~A9!

g52rv. ~A10!

2. Bc meson to charmoniumxc†
3P0‡

Here we show the matrix element for the vector curre
vanishes in the present decay.

The matrix element for the axial current is

^X~p8!uAmuBc~p!&[u1~p1p8!m1u2~p2p8!m ,

where
7-12
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u15
@M ~v101m11v201m2!j11M 8~v201m22v102m1!#m2j1

8A3M 8v10v20nep

2
M 8~v101m11v201m2!j11M ~v201m22v102m1!j1

8A3M 8v10nep

1
3j2@M 8~m181m2!~v101m11v201m2!1M ~m182m2!~v201m22v102m1!#

16A3M 8Mm18v10v20

1
j2m2@M 8~2v102m11v201m2!1M ~v201m21v101m1!#

8A3M 8Mv10v20
2

1
j2@M 8m2~m2v201v20

2 2m1v202v10
2 !1Mv20~m2v201v20

2 1m1v202v10
2 !#

8A3M 8Mv10
3 v20

1
j2@2M 8~m2v201v20

2 1m1v202v10
2 !1M ~2m2v202v20

2 1m1v201v10
2 !#

8A3M 8Mv10
3

1
j2~M 82M !~m21v20!

8A3M 8Mm2v10

, ~A11!

u25
@2M ~v101m11v201m2!j11M 8~v201m22v102m1!#m2j1

8A3M 8v10v20nep

2
M 8~v101m11v201m2!j12M ~v201m22v102m1!j1

8A3M 8v10nep

1
3j2@M 8~m181m2!~v101m11v201m2!2M ~m182m2!~v201m22v102m1!#

16A3M 8Mm18v10v20

1
j2m2@M 8~2v102m11v201m2!2M ~v201m21v101m1!#

8A3M 8Mv10v20
2

1
j2@M 8m2~m2v201v20

2 2m1v202v10
2 !2Mv20~m2v201v20

2 1m1v202v10
2 !#

8A3M 8Mv10
3 v20

1
j2@2M 8~m2v201v20

2 1m1v202v10
2 !2M ~2m2v202v20

2 1m1v201v10
2 !#

8A3M 8Mv10
3

1
j2~M 81M !~m21v20!

8A3M 8Mm2v10

. ~A12!
are
The dependences ofa, b11 , andg on the above form
factors are

a50, ~A13!

b115u1
2 , b125u1u2 ,

b215u2u1 , b225u2
2 , ~A14!

g50. ~A15!
01401
3. Bc meson to charmoniumxc†
3P1‡

The matrix elements for the vector and axial currents

^X~p8,e!uVmuBc~p!&[ l em* 1c1~e* •p!~p1p8!m

1c2~e* •p!~p2p8!m ,

^X~p8,e!uAmuBc~p!&[ iqemnrse* n~p1p8!r~p2p8!s.

where
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l 5
~m11v101m21v20!j1@~p•p8!22M2M 82#m2

4A2MM 82nepv10v20

2
~m11v101m21v20!j2~p•p8!

2A2MM 8v10v20

2
~m11v102m22v20!j2~p•p8!

4A2Mm18m2v10

1
~m11v102m22v20!M 8j2

4A2m18v10v20

2
@M 82M22~p•p8!2#j2

4A2M 82M2v10

1
j2m2@~p•p8!22M2M 82#

4A2M2M 82v10v20
F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G , ~A16!

c15
~m11v101m21v20!j1~M 822p•p8!m2

8A2MM 82nepv10v20

1
~M 822p•p8!j2

8A2M 82M2v10

1
~m11v101m21v20!j2

4A2MM 8v10v20

1
~m11v102m22v20!j2

8A2Mm18m2v10

1
j2m2~M 822p•p8!

8A2M2M 82v10v20

3F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G ,

c25
~m11v101m21v20!j1~M 821p•p8!m2

8A2MM 82nepv10v20

1
~M 821p•p8!j2

8A2M 82M2v10

2
~m11v101m21v20!j2

4A2MM 8v10v20

2
~m11v102m22v20!j2

8A2Mm18m2v10

1
j2m2~M 821p•p8!

8A2M2M 82v10v20

3F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G ,
01401
q5
~v101m11v201m2!j1

8A2M 8v10nep

2
m2~2v102m11v201m2!j1

8A2M 8v10v20nep

1
~v20

2 1m1v201m2v202v10
2 !j2

8A2M 8Mv10
3

1
~m21v20!j2

8A2M 8Mm2v10

2
j2m2

8A2MM 8v10v20
F ~2v102m11v201m2!

v20

1
~2m1v201m2v201v20

2 2v10
2 !

v10
2 G .

The dependences ofa, b11 , andg on the above form
factors are

a5 l 214M2pW 82q2, ~A17!

b115
l 2

4M 82
2M2yq21

1

2 F M2

M 82
~12y!21G lc1

1M2
pW 82

M 82
c1

2 , ~A18!

b1252
l 2

4M 82
1~M22M 82!q2

1
1

4 F2
M2

M 82
~12y!23G lc1

1
1

4 F M2

M 82
~12y!21G lc21M2

pW 82

M 82
c1c2 ,

~A19!

b215b12 , ~A20!

b225
l 2

4M 82
1@M2y22~M21M 82!#q2

1
1

2 F2
M2

M 82
~12y!23G lc21M2

pW 82

M 82
c2

2 ,

~A21!

g52lq. ~A22!
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4. Bc meson to charmoniumxc†
3P2‡

The matrix elements of the vector and axial currents a

^X~p8,e!uVmuBc~p!&[ ih12emnrse* napa~p1p8!r

3~p2p8!s,

^X~p8,e!uAmuBc~p!&[kemn* pn1b1~ers* prps!~p1p8!m

1b2~ers* prps!~p2p8!m .

where

k52
~m11v101m21v20!j1

4v10nep

1
m2~2m12v101m21v20!j1

4v10v20nep

1
~v10

2 2m1v202m2v202v20
2 !j2

4Mv10
3

2
~m21v20!j2

4Mm2v10

1
j2m2

4Mv10v20
F ~2v102m11v201m2!

v20

1
~2m1v201m2v201v20

2 2v10
2 !

v10
2 G ,

b15
m2~m11v101m21v20!j1

8M 8Mv10v20nep
1

j2

8M 8M2v10

1
j2m2

8M2M 8v10v20
F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G ,

b252
m2~m11v101m21v20!j1

8M 8Mv10v20nep
2

j2

8M 8M2v10

2
j2m2

8M2M 8v10v20
F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G ,
.

01401
h1252
m2~m11v101m21v20!j1

8M 8Mv10v20nep
2

j2

8M 8M2v10

2
j2m2

8M2M 8v10v20
F ~v101m11v201m2!

v20

1
~m1v201m2v201v20

2 2v10
2 !

v10
2 G .

The dependences ofa, b11 , andg on the above form
factors are

a5
M2pW 82

2M 82
~k214M2pW 82h2!, ~A23!

b1152
yM4pW 82

2M 82
h21

M2k2

24M 82 S y1
4pW 82

M 82 D 1
2b1

2

3

M4pW 84

M 84

1
M2pW 82kb1

3M 82 F M2

M 82
~12y!21G , ~A24!

b125
M2pW 82

2M 82
h2~M22M 82!1

k2

24S 12
M2

M 82
2

4M2pW 82

M 84 D
1

2b1b2

3

M4pW 84

M 84
1

M2pW 82kb1

6M 82 F2
M2

M 82
~12y!23G

2
M2pW 82kb2

6M 82 F2
M2

M 82
~12y!11G , ~A25!

b215b12 ~A26!

b2252
M2pW 82

2M 82
h2@2~M21M 82!2M2y#1

2b2
2

3

M4pW 84

M 84

1
k2

24S 21
M2

M 82
~22y!1

4M2pW 82

M 84 D
2

M2pW 82kb2

3M 82 F M2

M 82
~12y!13G , ~A27!

g5
M2pW 82kh

M 82
. ~A28!
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